
PROBLEMS 467

Note that we have displayed the negative of the resultants, in order that they point
"downhil l."

The result is shown in Fig. 19.10. The function's peak occurs at x : *1 and y : 1.5
and then drops away in all directions. As indicated by the lengthening arrows, the gradient
drops off more steeply to the northeast and the southwest.

PROBTEMS

19.1 Compute forward and backward difference approxi-
rnations of O(h) ard O(h]), andcentral clif'furencc approri-
mations of O(h)\ and O(h1l for the f lrst derivative of

. l '=  cos- r  a t  - r  :  r /4  us ing  a  va luc  o f  h :  r112.  Es t ima le
the true percent relative error rr fbr each approximation.

19.2 Use centered dif l 'erence approrinrrt ions to estimate the
first and second derivatives of -r 

- e' ar x : 2 fot' ft : 0. I .
Employ both O(h?) and O(ft4) formulas fbr your cst imates.

19.j Use a Taylor series expansion to derivc a ccntercd
finite-difference approximation to the third clerivalive that is
second-order accurate. ' Ib do this, you wil l  have (o use four
diff'erent expansions fbr the points li :. ri I . r'r+t . ilnd,r;+2.
In each case, the cxpansion wil l  be around the point -r; .  The
interval A,r will be used in each case of i - i and i * l, and
2A.r will bc used in each casc of i - 2 antli * 2. The four'

equations must then be combined in a way to climinate the
first and second deril'atives. Carry enou-{h terms along ilt

each expansion to evaluate the first term that will be trun-
cated to determine the orilcr oi the approximation.

19.4 Use Richardson extrapolation to estimate thc first de-
r ivat ive of r '  :  cos.r at t  :  n l lusing step sizes of h 1: n f  I

and h. : r/6. Ernploy centered difl'erences of O(/rr) for the
initial estimates.

19.5 Repcat Prob. 19.4. but fbr the first derivative of ln.r at
. r  =  5  us ing  h t  :2  a ru l  hz  - -  | .

19.6 Employ Eq. (19.2[) to determine the f irst dcrivative
o f  r  :2 - ra  -6 - t3  -  l2 . r  -8  a t  r  :  0  based on  va lues  a1
xo =  -0 .5 ,  J r  :  1 ,  a t td  x2 :2 .  Comparc  th is  resu l t  rv i th
the true value and with an estimate obtained using a centered
differencc approxiniation based on /i : l.

19.7 Provc that fbr cquispaced data points, Eq. (19.21)

reduces to Eq. 6.25) at .r : -r | .

19.8 Develop an M-fllc to apply a Romberg algorithm to
- . . . : - - - - ! -  i L  -  - l - , - : , , ^ + : - , , .  . - f  ^  f t ; r , d h  { ' , , r , - t i , r n

19.9 Develop an M-filc to obtain flrst-tlerivative estimates
for unequally spaced data. Tcst i t  with thc fbl lowin-e data:

x  0 . 6  1 5
f  (x)  0 9036 4.3734

2 5  3 5
o  oB422  0  01  596

rvhcre .l (r) : 5z-2'.r. Cornpare your rcsulls with the true
derivati  ves.

19.19 Devclop an M-file function that computcs first and
second clerivativc estirnates of olt le r O1lir1 brsed on the fbr-
mulas in Figs. 19.3 through 19.5. Thc function's f lrst l ine
should be sct up as

f  unc t io t r  l r l l ' dx ,  OrOO*2I  =  f l i f  f  rzq  ( ; ,  - . ' 1

wherc x and y are input vectors of length n containing the
values of the indepcndent and dependeut variables, rcspec-

tively, and dydx and dy2d.;2 are output vectors of lcngth il

containing the f irst- and second-derivative estimates at
cach value of thc indcpendcnt variable. The function shoulcl
generate a plot of c1y'dx arrd dy2dx2 versus x. Havc your

M-file return an error messlge if (a) the input vectors are not

the same length, or (b) the values lor the independent vari-

able are not equally spaced. Test your program with the data
f iom Prob.  19 . I  l .

19.11 The fbl lowing data was col lectcd for the distance
traveled versus time fbr a rocket:

t 6
0 .3  26  l

I t  S

J, km
25
3'2

50
5 B

75
7B

t 0 0
9 2

125
r 0 0

Usc numerical diff'erentiation to estimate the rocket's veloc-
i l r  : r n r l  r . ' t  e l o r r l i o n  : r l  c r c h  l i m c .
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468 NUMERICAL DIFFERENTIATION
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19.12 A jet f ighter 's posit ion on an aircraft carier 's runway
was timed during landin-u:

19.17 The fbl lowing data
distr ibution:

was generated ftom the normal

t , s  0  o : . -  l A A
x , m  1 5 3  l 8 5  2 a B

t  75 2 37
'249 261

3 2 5  3 8 3
271 273

x  2  - l  - s
/ (x)  { l0 ,s399 O )2952

r  0 5  l
f  ( x \  0 .352A7  4  24197

I  - 0 5  0
a.2atq7 (1 35207 0 3e894

r . 5  2
4 .12952 0  05399

where x is the distance from the end of the carricr. Estimate
(a) velocity @.rldt') and (b) acccleration (duldrl using nu-
nrerical differentiation.

19.13 Use the fbl lowing data to f ind the velocit l '  and accel-
erat ion at /  :  l0 seconds:

l i m e , t , s  O  2  4  6  B  l 0  l 2  l 4  1 6
P o s i t i o n , x , m  O  a 7  I B  3 4  5 l  6 3  7 : 3  B 0  B 4

Use sccond-order correct (a) centered flnite-diftcrence,
(b) fbrward finite-difl'erence, and (c) backward finite-
clifTercnce methods.

lg. l1 A plane is being trackcd by radar, and data is taken
every sccond in polar coordinates I and r

Use MATLAB to estimate the inflection points of this data.

19.18 Usc the .t i f  f  iy; commancl to develop a MATLAB
M-file tunction to compute flnite-difftrence approximations
to the first and sccond derivative at each -r value in the table
below. Usc finitc-ditfbrence approximations that are second-
order corrcct. O (.r2 ):

, r O  I  2
y  1 4  2 )  3 . 3

J

4 B

t, s 2AA 2A2
0 , ( rod l  A75  A72
t', tn 5l 20 5374

244 246
o 7 a  0 6 8
5560 5800

2 0 8  2 t O
4 57 4.66
6030 624a

At 206 seconds, use the centercd finite-diflerence (second-

order correct) to find the vector cxpressions lor vclocity il
and acceleration rl. The velocitv and acceleratiorr given rn
polar coordinates ale

i :  ia ,  +  t040 and a :  G -  r0 : )2 , ,  I  \ r0  +2 i0 )Ae

19.15 Use regrcssion to estimatc the acceleration at each
time fbr the following data with second-, third-, and fburth-
order oolvnomials. Plot the results:

4  5  6  7  B  9  1 0
6 B  6 6  8 . 6  7  5  8 . 9  1 0 9  t 0

19,19 The objcctive of this problem is to compare second-
orclel accurate forwiucl, backward, and centered finite-
ditfbrence approxirrations of thc first clerivative of a function
to the actr.ral value of the derivativc. This will be done for

l G ) : e - 2 ' - x

(a) Use calculus to dctclmine the corrcct value of the denv-
a t i v e a t r : 2 .

(b) Develop an M-f ile function to evaluate the centered
fi nite-difl'erence approximation s, starting with .r = 0.5.
Thus, for the first evaluation, the .r values for the cen-
tered differencc approximation will be .r : 2 t 0.5 or
r :  1.5 and 2.5. Then. decreasc in increments of 0.1
down to a nrinimum value of A-r = 0.01.

(c) Repeat part (b) lbr the second-order fbrward and back-
ward difTerences. (Note that these can be done at the same
time that the centered difl'erence is computed in the loop.)

(d) Plot the results of (b) and (c) versr.rs r. Include the exact
rcsul l  on the plot lol  eomparison.

19.20 You have to measure the flo$,rate of water througha
surall pipe. In order to do it, you place a bucket at the pipe's
outlet and measure the volumc in the bucket as a function of
titnc as tabulated below. Estimate the flow rate at t = 7 s.

Time, s
Volume, cm3

0
0

B
1 6 4

19,21 The velocity rr (m/s) of air flowing past a flat surface
i s  n rers r r rcd  r f  sever r l  d is l rnces  r ,  /m)  r rv rv  f rom fhe  s r t r face

t  1  2  3 . 2 5  4 5
u  l O  ) 2  l l  1 4

6 7 8
1 7  t 6  t 2

B 5  9 3  t 0
t 4  l 4  t 0

19.16 The nolr lal  distr ibution is defined as

I  .  , ^
f ( r )  -  - r - t - 1 z
" 

J2tr

Use MAILAB to determine the inflection points of this
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